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We define the notion of a minimal filtered free resolution for a filtered module
over the ring $D^{(h)}$ , a homogenization of the ring $V$ of analytic differential operators.
This provides us with analytic invariants attached to a $(\mathrm{b}\mathrm{i})\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{d}D$-module. We
also give an effective argument using a generalization of the division theorem in
$D^{(h)}$ due to Assi-CastrO-Granger (2001), by which we obtain an upper bound for
the length of minimal filtered resolutions.
1 Minimal free resolutions of $\mathrm{D}^{(h)}$-modules
We denote by Z) the ring of germs of analytic linear differential operators (of finite
order) at the origin of $\mathbb{C}^{n}$ . Fixing the canonical coordinate system $x=(x_{1}, \ldots, x_{n})$ of $\mathbb{C}^{n}$ ,
we can write an element $P$ of Z) in a finite sum $P= \sum_{\beta\in \mathrm{N}^{n}}a_{\beta}(x)\partial^{\beta}$ with $a_{\beta}(x)$ belonging
to $\mathbb{C}\{x\}$ , th$\mathrm{e}$ ring of convergent power series. Here we use the notation $\partial^{\beta}=\partial_{1}^{\theta_{1}}\cdots$ $\partial_{n}^{\beta_{n}}$
with $\partial_{i}=\partial/\partial x_{i}$ and $\beta=$ $(\beta_{1}$ : . . . , $\beta_{n})\in \mathrm{N}^{n}$ , where $\mathrm{N}=\{0,1,2, \ldots \}$ .
Following Assi-CastrO-Granger [ACG], we introduce the homogenized ring $D^{(h)}$ of Z)
as follows (in [ACG] it is denoted $D[t]$ ): Introducing a new variable $h$ , we define the
homogenization of $P\in D$ above to be
$P^{(h)}:= \sum_{\beta}a_{\beta}(x)\partial^{\beta}h^{m-|\beta|}$
with
$m= \mathrm{o}\mathrm{r}\mathrm{d}P:=\max\{|\beta|=\beta_{1}+\cdots+ \beta_{n} |a_{\beta}(x)\neq 0\}$
.
We regard this operator as an element of the ring $D^{(h)}$ , which is the $\mathbb{C}$-algebra generated
by $\mathrm{C}\{\mathrm{x}\}$ , $\partial_{1}$ , $\ldots$ , $\partial_{n}$ , and $h$ with the commuting relations
$ha=ah$ , $h\partial_{i}=\partial_{l}h$ , $\partial_{i}\partial_{j}=\partial_{j}\partial_{i}$ , $\partial_{i}a-a\partial_{i}=\frac{\partial a}{\partial x_{i}}h$
for any $a\in \mathbb{C}\{x\}$ and $i$ , $i\in\{1, \ldots,n\}$ .
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Note that $D^{(h)}$ is isomorphic to the Rees ring of 7) with respect to the order filtration,
i.e. the filtration by the degree in Ct of operators, and is (left and right) Noetherian. The





An element $P$ of $(D^{(h)})_{d}$ is said to be homogeneous of degree $\deg P:=d.$ A left $D^{(h)_{-}}$
module $M$ is a graded $D^{(h)}$-module if $M$ is written as a direct sum $M=\oplus_{k\in \mathrm{Z}}M_{k}$ of
$\mathbb{C}\{x\}$-modules such that $(D^{(h)})_{d}M_{k}\subset M_{k+d}$ holds for any $k,d$ . If $M$ is finitely generated,
there exists an integer $k_{0}$ such that $M_{k}=0$ for $k\leq k_{0}$ . Let $M$ and $N$ be graded left
$D^{(h)}$-modules. Then a map $\psi$ : $Marrow N$ is a homomorphism of graded $D^{(h)}$ modules (of
degree 0) if $\psi$ is $D^{(h)}$-linear and satisfies $\psi(M_{i})\subset N_{i}$ for any $i\in$ Z.
The ring $D^{(h)}$ $\mathrm{h}\mathrm{s}$ a unique maximal graded tw0-sided ideal
$\mathrm{I}^{(h)}:=(\mathbb{C}\{x\}x_{1}+\cdots+\mathbb{C}\{x\}x_{n})\oplus\oplus(D^{(h)})_{d}d\geq 1^{\cdot}$
The quotient ring $D^{(h)}/\mathrm{I}^{(h)}$ i $\mathrm{s}$ isomorphic to C.
Lemma 1.1 (Nakayama’s lemma for $D^{(h)}$ ) Let $M$ be a finitely generated graded left
$D^{(h)}$ -module Then $\mathrm{I}^{(h)}M=M$ implies $M=0.$
In view of this lemma, the classical theory of minimal ffee resolutions for modules over
a local ring extends to graded left $D^{(h)}$-modules.
By a graded free $D^{(h)}$ -module $\mathcal{L}$ of rank $r$ , we mean a graded $D^{(h)}$ -module
$\mathcal{L}=(D^{(h)})^{r}[\mathrm{n}]:=\oplus((D^{(h)})_{d-n_{1}}\oplus\cdots\oplus\langle D^{(h)})_{d-n_{r}})d\in \mathrm{Z}$
with an $\mathrm{n}=$ $(n_{1}, \ldots, n_{r})\in$ Zr, which we $\mathrm{c}\mathrm{a}\mathrm{U}$ the shift vector for C. The unit vectors
(1, 0, $\ldots$ , 0), $\cdots$ , $($0, $\ldots$ , 0, $1)\in \mathcal{L}$ are called the canonical generators of $\mathcal{L}$ . An element
$P=$ $(P_{1}, \ldots, P_{r})$ of $(D^{(h)})^{r}[\mathrm{n}]$ is said to be homogeneous of degree $\deg[\mathrm{n}](P)=d$ if each
$P_{i}$ is homogeneous of degree $d-n_{i}$ .
Definition 1.2 (minimal free resolution) Let $M$ be a graded free left $D^{(h)}$ -module
An exact sequence
. . . $arrow \mathcal{L}_{2}arrow \mathcal{L}_{1}\psi_{2}arrow \mathcal{L}_{0}arrow M\psi_{1}\psi_{0}arrow 0$
of graded left $D^{(h)}$ -modules, where $\mathcal{L}_{i}$ is a graded free $D^{(h)}$ -module of rank $r_{i}$ , is called a
minimal free resolution of $M$ if the maps in the induced complex
. . . $arrow(D^{(h)}/\mathrm{I}^{(h)})\otimes_{D^{(h)}}\mathcal{L}_{2}arrow(D^{(h)}/\mathrm{I}^{(h)})\otimes_{D^{(h)}}\mathcal{L}_{1}arrow(D^{(h)}/\mathrm{I}^{(h)})\otimes_{D(h)}\mathcal{L}_{0}$
(of $\mathbb{C}$-vector spaces) are all zero; i.e., the entries of $\psi_{i}(i\geq 1)$ regarded as a matrix belong
to $\mathrm{I}^{(h)}$ . By Nakayama’s lemma, this is equivalent to the condition that the images by $\psi_{i}$
of the canonical generators of $\mathcal{L}_{i}$ is a minimal generating set of the kernel of $I_{i-1}$ , or of
$M$ if $i=0,$ for each $i\geq 0.$ We call the ranks $\mathrm{r}\mathrm{o}$ , $r_{1}$ , $\ldots$ the Betti numbers of $M$ .
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A minimal free resolution exists and is unique up to isomorphism. This follows from
Nakayama’s lemma as in the case with a local ring (see e.g., Theorem 20.2 of [E]). In
particular, the Betti numbers and the associated shift vectors (up to permutation of their
components) are invariants of $M$ .
Example 1.3 In two variables $(x_{1}, x_{2})=(x, y)$ , let $I^{(h)}$ be the left ideal of $D^{(h)}$ generated
by
$x^{3}-y^{2}$ , $2x\partial_{x}+3y\partial_{y}+6$h, $3x^{2}\partial_{y}+2y\partial_{x}$
with $\partial_{x}=$ d/dx, $\partial_{y}=\partial/\partial y$ and put $M:=D^{(h)}/I^{(h)}$ . Its dehomogenization $D/(I^{(h)}|_{h=1})$
(see Section 3) is the local cohomology group supported by $x^{3}-y^{2}=0.$ A minimal ffee
resolution of $M$ is given by
$0arrow(D^{(h)})^{2}[(1,1)]arrow(D^{(h)})^{3}\psi_{2}[(0,1, 1)]arrow D^{(h)}\psi_{1}arrow M\psi_{0}arrow 0$
with $lj_{0}$ being the canonical projection and
$\psi_{1}$ $=$ $(\begin{array}{ll}x^{3}-y^{2} 2x\partial_{x}+3y\partial_{y} +6h3x^{2}\partial_{y} +2y\partial_{x}\end{array})$ $\wedge$. $\psi_{2}=(\begin{array}{lll}-2\partial_{x} x^{2} -y3\partial_{y} y -x\end{array})$
2 Minimal filtered free resolutions of $\mathrm{I})^{(h)}$-modules
We call $(u, v)=$ (u, $\ldots$ , $u_{n},$ $v_{1,\}}\ldots v_{n}$ ) $\in \mathbb{Z}^{2n}$ a weight vector if $u_{i}+v_{i}\geq 0$ and $u.\cdot\leq 0$
hold for $i=1,$ $\ldots$ , $n$ . For an element $P$ of $D^{(h)}$ of the form
$P= \sum_{k\geq 0,\alpha,\beta\in \mathrm{N}^{n}}a_{\alpha\beta k}x^{\alpha}\partial^{\beta}h^{k}$
$(a_{\alpha\beta k}\in \mathbb{C})$ ,
where the sum is finite with respect to $k$ and $\beta$ , we define the $(u, v)$ -order of $F$ by
$\mathrm{o}\mathrm{r}\mathrm{d}_{(u,v)}(P):=$ max{ $(u,$ $\alpha\rangle+\langle v,$ $\beta\rangle|a_{\alpha\beta k}\neq 0$ for some $k$}
with $\langle u, \alpha\rangle$ $=$ ?Z1Q1 $+\cdot$ . . $+u_{n}\alpha_{n}$ . We also define the $(u, v)$-order of $P\in D$ in the same
way. (If $P=0,$ we define its ($u$ , $v$ )-order to be —.) Then the $(u, v)$ -filtrations of 7) and
$D^{(h)}$ are defined by
$F_{k}^{(u,v)}(D):=\{P\in D |\mathrm{o}\mathrm{r}\mathrm{d}_{(u,v)}(P)\leq k\}$ , $F_{k}^{(u,v)}(D^{(h)}):=\{P\in D^{(h)}|\mathrm{o}\mathrm{r}\mathrm{d}_{(u,v)}(P)\leq k\}$
for $k\in$ Z.




Then the graded rings with respect to the $(u, v)$-filtration are defined by
$\mathrm{g}\mathrm{r}^{(u,v)}(D):=\oplus \mathrm{g}\mathrm{r}_{k}^{(u,v)}$ $(D)$ , $\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)}):=\oplus k\in \mathbb{Z}\mathrm{g}\mathrm{r}_{k}^{(u,v)}(D^{(h)})$ .
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For an element $P$ of $F_{k}^{(u,v)}$ (D) or of $F_{k}^{(u,v)}(D^{(h)})$ , we denote by $\sigma^{(u,v)}(P)=\sigma_{k}^{(u,v)}(P)$ the
residue class of $P$ in $\mathrm{g}\mathrm{r}_{k}^{(u,v)}$ (D) or in $\mathrm{g}\mathrm{r}_{k}^{(u,v)}(D^{\{h)})$ , and call it the $(u, v)$-principal symbol
of $P$ .
The ring $\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)})$ is Noetherian and has a structure of bigraded C-algebra
$\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)})=\oplus\oplus d\geq 0k\in \mathrm{Z}\mathrm{g}\mathrm{r}_{k}^{(u,v)}((D^{(h)})_{d})$
.
A nonzero element of gr$k(u,v)((D^{(h)})_{d})$ is called bihomogeneous of bidegree $(d, k)$ . In general,
if I is a grad$\mathrm{e}\mathrm{d}$ left ideal of $D^{\langle h)}$ , then $\mathrm{g}\mathrm{r}^{(u,v)}(I):=\oplus_{k\in \mathrm{Z}}\mathrm{g}\mathrm{r}_{k}^{(u,v)}(I)$ is a bigraded left ideal
of $\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)})$ with respect to the bigraded structure. In particular, $\mathrm{g}\mathrm{r}^{(u,v)}(\mathrm{I}^{(h)})$ is the
unique maximal bigraded (tw0-sided) ideal of $\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)})$ . We can define the notion of a
minimal free resolution of a bigraded $\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)})$-module by virtue of the following
Lemma 2.1 (Nakayama’s lemma for $\mathrm{g}\mathrm{r}^{(u,v)}$ ($D^{(h)}$ )) Let $M’$ be a finitely generated bi-
graded left $\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)})$ module Then $\mathrm{g}\mathrm{r}^{(u,v)}(\mathrm{I}^{(h)})M’=M’$ implies $M’=0.$
For a graded left $\mathrm{I})^{(h)}$ module $M=\oplus_{d\in \mathrm{Z}}M_{d}$ , a family $\{F_{k}(M)\}_{k\in \mathrm{Z}}$ of $\mathbb{C}\{x\}$-submodules
of $M$ satisfying
$F_{k}(M)\subset F_{k+1}(M)$ , $k\in \mathrm{Z}\cup F_{k}(M)=M,$ $F_{l}^{(u,v)}(D^{(h)})F_{k}(M)\subset F_{k+\mathrm{t}}(M)$
$F_{k}(M)$
$=\oplus F_{k}(M_{d})d\in \mathrm{Z}$
with $F_{k}(M_{d}):=F_{k}(M)\cap M_{d}$ $(k, l, d\in \mathbb{Z})$
is called a (graded) $(u, v)$ -filtration of $M$ . The graded module of $M$ associated with this
filtration is a bigraded left $\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)})$-module defined by
$\mathrm{g}\mathrm{r}(M):=\oplus k\in \mathrm{Z}d\geq 0k\in \mathrm{Z}\mathrm{g}\mathrm{r}_{k}(M)=\oplus\oplus \mathrm{g}\mathrm{r}_{k}(M_{d})$
,
$gr(M)$ $:=F_{k}(M)/F_{k-1}(M)$ , $gr_{k}(M_{d})$ $:=F_{k}(M_{d})/F_{k-1}(M_{d})$ .
A nonzero element of $\mathrm{g}\mathrm{r}_{k}(M_{d})$ is said to be bihomogeneous of bidegree $(d, k)$ . For an
element $f$ of $M$ , we put $\mathrm{o}\mathrm{r}\mathrm{d}(u,v)f:=\inf\{k\in \mathbb{Z}|f\in F_{k}(M)\}$ .
A $(u, v)$ -filtration $\{F_{k}(M)\}_{k\in \mathrm{Z}}$ on a graded $D^{(h)}$ module $M$ is said to be good if there
exist homogeneous elements $f1$ , $\ldots$ , $f_{r}$ of $M$ and integers $m_{1}$ , $\ldots$ , $m_{r}$ such that
$F_{k}(M)=F_{k-m_{1}}^{(u,v)}(D^{(h)})f_{1}+\cdots+F_{k-m}^{(u,v)},(D^{(h\rangle})f_{r}$ $(\forall k\in \mathbb{Z})$ .
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Then $\mathrm{g}\mathrm{r}(M)$ is finitely generated. A (good) filtration of a left $D$-module and the associated
graded module are defined in the same way, but without assuming any homogeneity for
$M$ and $\mathrm{A}$ .
By assigning $\mathrm{m}=$ $(m_{1}, \ldots, m_{r})\in$ Zr, which we call a shift vector for the $(u, v)$ filtration,
we define good filiations on $D^{r}$ and on $(D^{(h)})^{r}$ by
$F_{k}^{(u,v)}[\mathrm{m}](D^{r}):=\{(P_{1}, \ldots, P_{r})\in D^{r}|\mathrm{o}\mathrm{r}\mathrm{d}_{(u,v)}(P_{i})+- m_{i}\leq k(i= 1, \ldots,r)\}$ ,
$F_{k}^{(u,v)}[\mathrm{m}]((D^{(h)})^{r}):=\{(P_{1}, \ldots, P_{r})\in(D^{\langle h)})^{r}|\mathrm{o}\mathrm{r}\mathrm{d}_{(u,v)}(P_{i})+m_{i}\leq k(i=1, \ldots,r)\}$
respectively. For an element $P=$ $(P_{1}$ , . . . , $P_{r})$ of $(D^{(h)})^{r}$ , we put
$\mathrm{o}\mathrm{r}\mathrm{d}_{(\mathrm{u},\mathrm{v})}$
$[ \mathrm{m}](P):=\min\{k\in \mathbb{Z}|P\in F_{k}^{(u,v)}[\mathrm{m}]((D^{\langle h)})^{r})\}$
and denote by $\sigma^{(u,v)}[\mathrm{m}](P)=\sigma_{k}^{(u,v)}[\mathrm{m}](P)$ the residue class of $P\mathrm{E}$ $F_{k}^{(u,v)}[\mathrm{m}]((D^{(h)})^{r})$ in
$\mathrm{g}\mathrm{r}_{k}^{(u,v)}[\mathrm{m}]((D^{(h)})^{r}):=F_{k}^{(u,v)}[\mathrm{m}]((D^{(h)})^{r})/F_{k-1}^{(u,v)}[\mathrm{m}]((D^{(h)})^{r})$ .
The free modules $D^{r}$ and $(D^{(h)})^{r}$ equipped with these filtrations are called $(u, v)$ filtered
free modules. For a $(u, v)$-filtered free module $\mathcal{L}=(D^{(h)})^{r}$ with the above filtration, we
put
$F_{k}(\mathcal{L}):=F_{k}^{(u,v)}[\mathrm{m}]((D^{(h)})^{r})$ $(k\in \mathbb{Z})$ .
The graded free module $\mathcal{L}=(D^{(h\rangle})^{r}[\mathrm{n}]$ equipped with this filtration is called a $(u, v)-$
filtered graded free module and denoted by $\mathcal{L}=(D^{(h)})^{r}[\mathrm{n}][\mathrm{m}]$ in order to explicitly refer
to the shift vectors.
Definition 2.2 (minimal filtered free resolution) Let $M$ be a graded left $D^{(h)}$-module
with a $(u, v)$ filtration $\{F_{k}(M)\}_{k\in \mathrm{Z}}$ . Then a $(u, v)$-filtered free resolution of $M$ is an exact
sequence
. . . $arrow \mathcal{L}_{2}\emptyset \mathrm{z}$ $\mathcal{L}_{1}arrow \mathcal{L}_{0}arrow M\psi_{1}\psi 0arrow 0$ (2.1)
of graded left $D(/1)$ modules with $(u, v)$-filtered graded ffee $D^{(h)}$ modules $\mathcal{L}_{i}$ which induces
an exact sequence
. . . $arrow F_{k}(\mathcal{L}_{2})arrow F_{k}(\psi_{2}\mathcal{L}_{1})arrow\}\psi_{1}$ $F_{k}(\mathcal{L}_{0})arrow F_{k}0(\psi M)arrow 0$
for any $k\in$ Z. Then (2.1) induces an exact sequence
. . . $arrow \mathrm{g}\mathrm{r}(\mathcal{L}_{2})$ I2 $\mathrm{g}\mathrm{r}(\mathcal{L}_{1})arrow \mathrm{g}\mathrm{r}(\mathcal{L}_{0})\overline{\psi}_{1}arrow \mathrm{g}\mathrm{r}(M)\overline{\psi}_{0}arrow 0$ (2.2)
of bigraded $\mathrm{g}\mathrm{r}^{(u,v)}(D^{(h)})$ -modules. The filtered ffee resolution (2.1) is called a minimal
$(u,v)$ -filtered free resolution of $M$ if (2.2) is a minimal bee resolution of $\mathrm{g}\mathrm{r}(M)$ .
This last condition means that, a a matrix, all entries of $\overline{\psi}_{i}(i\geq 1)$ belong to $\mathrm{g}\mathrm{r}^{(u,v)}(\mathrm{I}^{(h)})$
or equivalently that the image of the set of canonical generators of $\mathrm{g}\mathrm{r}(\mathcal{L}_{i})$ is a minimal
set of generators of $\mathrm{K}\mathrm{e}\mathrm{r}\overline{\psi}_{i-1}$ for $i\geq 0,$ and of $\mathrm{g}\mathrm{T}(M)$ for $i=0.$ The existence of a
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minimal bigraded free resolution as (2.2) can be proved exactly in the same way as in the
non-filtered case of Section 1 by using Lemma 2.1.
Note that a minimal $(0, 1)$ -filtered free resolution with $(0, 1)=(0,$ $\ldots$ , 0, 1, $\ldots$ , 1 $)$ is
simply a minimal free resolution.
Theorem 2.3 (existence and uniqueness of minimal filtered resolutions) Let $M$
be a graded left $D^{(h)}$ -module with a good $(u, v)$ -filtration $\{F_{k}(M)\}_{k\in}\mathrm{Z}$ . Then there eists $a$
minimal filtered free resolution
. . . $arrow \mathcal{L}_{3}arrow \mathcal{L}_{2}arrow \mathcal{L}_{1}\psi_{8}\psi_{2}arrow \mathcal{L}_{0}arrow M\psi_{1}\psi_{0}arrow 0$
of M. Moreover, a minimal filtered free resolution of $M$ is unique up to isomorphism;
$i$ . $e.$ , if
. . . $arrow \mathcal{L}_{3}’arrow \mathcal{L}_{2}’arrow \mathcal{L}_{1}’arrow \mathcal{L}_{0}’arrow M\psi_{\acute{3}}\psi_{\acute{2}}\psi_{\acute{1}}\psi_{\acute{0}}arrow 0$
is another minimal $(u, v)$ -filtered free resolution of $M$ , then there eist filtered graded
1(h)-isomorphisms $\theta_{i}$ : $\mathcal{L}_{i}arrow \mathcal{L}_{i}’$ , $i.e.$ , a graded $\mathrm{Z})^{(h)}$ -isomoyhism (of degree 0) satisfying
$6\mathrm{i}$ (Fk(Ci)) $=F_{k}(\mathcal{L}_{i}’)$ for any $k\in \mathbb{Z}$ , such that the diagram
. $..arrow \mathcal{L}_{3}$ $arrow\psi_{3}\mathcal{L}_{2}arrow\psi_{2}\mathcal{L}_{1}$ $arrow\psi_{1}\mathcal{L}_{0}arrow\psi_{0}M$
$\theta_{3}\downarrow$ $\theta_{2}\downarrow$ $\theta_{1}\downarrow$
$\theta_{0}\downarrow$ $||$
. . . $arrow(\mathrm{i}_{3}’$ $arrow\psi_{\acute{3}}\mathcal{L}_{2}’arrow\psi_{\acute{2}}\mathcal{L}_{1}’arrow\psi_{\acute{1}}\mathcal{L}_{0}’arrow\psi_{\acute{0}}M$
is commutative. Moreover, the length of a minimal filtered free resolution $is\leq 2n+1,$ $i.e$,
$j_{2n+2}$ $=0.$
Corollary 2.4 For a graded $D^{(h)}$ module $M$ ettith a good $(u, v)$ -filtration, the rank $r_{i}$ , the
shifts $\mathrm{n}_{i}$ and $\mathrm{m}_{i}$ attached to the $i$ -th free module $\mathcal{L}_{i}$ in a minimal $(u, v)$ -filtered resolution
of $M$ are unique (up to permutation of the components of each shift).
As an application, let us take a germ $f(x)$ of analytic function at 06 $\mathbb{C}^{n}$ and let I be
the left ideal generated by $t-f(x)$ , $\partial_{i}+(\partial f/\partial x_{i})\partial_{t}(i= 1, \ldots, n)$ with $\partial_{i}=\partial/\partial x_{i}$ and
$\partial_{t}=\partial/\partial t$ in the ring $D^{(h)}$ for the $n+1$ variables $(t, x)$ . Consider the graded $D^{(h)}$ module
$M:=$ $D^{(h)}7I$ $=D^{(h)}\delta(t-f)$ , where $\delta(t-f)$ is the residue class of 1. Note that the
dehomogenization $M|_{h=1}$ is the local cohomology group supported by $t-f=0.$
Put $(u, v)=$ $(-1,0, \ldots, 0_{1}.1,0, \ldots , 0)$ , which corresponds to the $\mathrm{V}$-filtration with respect
to $t=0.$ Then $M$ has a good $\mathrm{V}$-filtration $F_{k}(M)$ $:=F\mathrm{X}^{u,v)}$ (D(h))’(t -f) for $k\in$ Z. This
filtered module $M$ is uniquely determined up to isomorphism by the divisor defined by $f$ .
The following examples were computed by using software $\mathrm{k}\mathrm{a}\mathrm{n}/\mathrm{s}\mathrm{m}\mathrm{l}[\mathrm{T}]$ .
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Example 2.5 Using the variables $(t, x, y)$ , put $f=x^{3}-y^{2}$ . Then a minimal $($ -1, 0, 0; 1, 0, $0)-$
filtered free resolution of $M:=D^{(h)}\delta(t-f)$ is given by
$0arrow$ $\mathrm{z})^{(h)}$
$[\mathrm{n}_{3}][\mathrm{m}_{3}]arrow\psi_{3}(D^{(h)})^{5}[\mathrm{n}_{2}][\mathrm{m}_{2}]arrow\psi_{2}(D^{(h)})^{5}[\mathrm{n}_{1}][\mathrm{m}_{1}]arrow D^{(h)}[\psi_{1}\mathrm{n}_{0}][\mathrm{m}_{0}]arrow M\psi_{0}arrow 0$
with shift vectors
$\mathrm{n}_{0}=(0)$ , $\mathrm{n}_{1}=(1, 0, 1, 1, 1)$ , $\mathrm{n}_{2}=(1, 1, 2, 1, 1)$ , $\mathrm{n}_{3}=(2)$ ,
$\mathrm{m}_{0}=(0)$ , $\mathrm{m}_{1}=(1, 0, 1, 0, 0)$ , $\mathrm{m}_{2}=(0,0,1,1,1)$ , $\mathrm{m}_{3}=(1)$ .
The homomorphisms are given by the following matrices ( $\psi_{0}$ is the canonical projection):
$\psi_{1}=$ ( $6i \partial_{ty}^{\frac{3+2y\partial_{x}\frac{y^{2}}{+}+\partial_{y}\partial_{x}+t}{-2x\partial_{x}-3y\partial}}-6h\frac{-2y\partial_{t}}{-x^{3}+}\frac{3x^{2}\partial_{t}}{x^{2}\partial_{y}}$). $\psi_{2}=(\frac{3t0}{\partial_{x}}\frac{-2}{\underline{3y}}\frac{}{3x}\frac{-2\partial_{x}}{\frac{-3\partial_{y}}{\underline{6\partial_{t}00}}}\frac{}{\underline{2x}}\frac{-y}{-2y}\frac{2t}{0_{\partial}}\frac{-x\underline{y}}{\frac{\partial_{t}}{01}}\frac{}{0,01’})\frac{x^{2}}{-y}$ :
$\psi_{3}=(\underline{-6y\partial_{t}}+3\partial_{y},$ $\underline{-6x^{2}\partial_{t}}-2\partial_{x}$ , $\underline{-6x^{3}+6y^{2}}+6t$ , $\underline{-6t\partial_{t}-2x\partial_{x}-3y\partial_{y}-5h}$ ,
$\underline{-3x^{2}\partial_{y}-2y\partial_{x}})1$
The underlined parts constitute the induced homomorphisms $\overline{\psi}_{i}$ . Since the -function of
$x^{3}-y^{2}$ has -1 as the only integer root, we get a minimal free resolution of Example
1.3 by restricting the above resolution to $t=0$ by using $((0,1)$-homogenized version of)
Algorithms 5.4 and 7.3 of [OT1].
Example 2.6 The ranks of minimal $\mathrm{V}$-filtered resolutions of $D^{(h)}\delta(t$ –f) for several $f$
of three variables x, y, z are as follows:
$f$ $r_{0}$ $r_{1}$ $r_{2}$ $r_{3}$ $r_{4}$ $r_{5}$
$xyz$ 17 12 7 1 0
$x^{3}+y^{3}+z^{3}$ 1 8 12 7 2 0
$x^{3}+y^{2}z^{2}$ 1 8 13 8 2 0
3 Minimal filtered free resolutions of D-modules
The aim of this section is to study minimal filtered free resolutions of $D$-modules The
main result is that for a $D$-module with a good $((0, 1)$ , $(u, v))$ bifiltration its ‘minimal’
bifiltered ffee resolution can be defined uniquely up to isomorphism, via homogenization.
Note that the $(u, v)$-filtrations on $D$-modules are more delicate than those on $D^{(h)}$-modules
so that the arguments in the preceding section do not work in general.
The notion of a good bifiltration was introduced, for example, in [Sa], [LM]. The
results below should be more or less ‘well-known to specialists’, but we did not find them
explicitly stated in the literature.
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3.1 Correspondence between (0, 1) filtered $D$-modules and graded
$D^{(h)}$ -modules
For an element $P= \sum_{\beta,k}$ $a_{\beta 7\mathrm{c}}(x)\partial^{\beta}h^{k}$ of $D^{(h\rangle}$ , we define its dehomogenization to be the
element $\mathrm{t}(\mathrm{j})$ $:=P|_{h=1}=$ $\mathrm{j}$ $\beta,\mathrm{h}$ $a_{\beta k}(x)\partial^{\beta}$ of $D$ . This defines a surjective ring homomor-
phism
$\rho$ : $D^{(h)}\ni P-P|_{h=1}\in$ $\mathrm{Z}$),
which gives $D$ a structure of tw0-sided $D^{(h)}$ -module. Let $M’=\oplus_{d\in \mathrm{Z}}M_{d}’$ be a graded
left $D^{(h)}$-module of finite type. Then we define its dehomogenization to be $\rho(M’):=$
$D\otimes_{D(h)}M’$ as a left $D$-module. Moreover, $\rho(M’)$ has a good $(0, 1)$ Infiltrati0n (with $(0, 1)=$
$($0, $\ldots$ , 0; 1, $\ldots$ , $1)\in$ $\mathbb{Z}^{2n}$ ) defined by
$F_{k}^{(0,1)}(\rho(M’)):=1\otimes M_{k}’:=\{1\otimes f\in D\otimes M_{k}’|f\in M_{k}’\}$ $(k\in \mathbb{Z})$ (3.1)
in view of the relations $P\otimes f=1\otimes(P^{(h)}f)$ and $\deg P^{(h)}=\mathrm{o}\mathrm{r}\mathrm{d}P$ for $P\in D.$ For a
graded homomorphism $\psi$ : $M’arrow N’$ of graded left $\mathrm{j})^{(h)}$ modules, $1\otimes\psi$ : $\rho(M’)arrow\rho(N’)$
is a filtered I)-homomorphism with the filtrations defined above. If $M’$ and $N’$ are free
modules, then $1\otimes\psi$ is obtained by the substitution $\psi|_{h=1}$ of the matrix $\psi$ . This defines
a functor $\rho$ from the category of graded $\mathrm{Z})^{(h)}$-modules of finite type, to the category of
$\mathrm{P}$-modules with good $(0, 1)$ filtrations.
A converse functor is given by the construction of s0-called Rees modules. With a
commutative variable $T$ , the Rees ring of $V$ with respect to the $(0, 1)$-filtration is defined




which is isomorphic to $D^{(h)}$ by the correspondence $a_{\beta}(x)\partial^{\beta}h^{k}rightarrow a_{\beta}(x)\partial^{\beta}T^{k+|\beta|}$ . Hence we
identify $R_{(0,1)}(D)$ with $D^{(h)}$ . For a left $D$-module with a good $(0, 1)$ Infiltrati0n $F_{k}^{(0,1)}(M)$ ,
its Rees module is defined by
$R_{(0,1)}(M):=\oplus F_{k}^{(0,1)}(M)T^{k}$ ,
&EZ
which is a left $D^{(h)}$-module of finite type with the action
$a(x)\partial^{\beta}h^{k}(f_{j}T^{j})=(a(x)\partial^{\beta}f_{j})T^{j+k+|\beta|}$ $(a(x)\in \mathbb{C}\{x\}, f_{j}\in F;^{0}"(M))$ .
If $\varphi$ : $Marrow N$ is a $(0, 1)$ -filtered homomorphism, this naturally induces a graded hom0-
morphism
$\varphi(h)$ : $R_{(0,1)}(M)arrow R_{(0,1)}(N)$ ,
which is thought of as the homogenization of $\mathrm{t}$ with respect to both filtrations.
Definition 3.1 A left $\mathrm{Z})^{(h)}$-module $M’$ is called $h$ -saturated if $hf=0$ implies $f=0$ for
any homogeneous element $f$ of $M’$ .
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It is easy to see that the Rees module of a $(0, 1)$-filtered $D$ module $M$ is h-saturated
Proposition 3.2 The functors $\rho$ and $\mathrm{R}(0,\mathrm{i})$ give an equivalence between the categor$ry$ of
$h$ -saturated graded $D^{(h)}$ -modules of finite type, and the category of $D$ -module with good
$(0, 1)$ -filtrations. Moreover these functors are exact, with exactness meaning filtered ex-
actness in the second category.
Prom the arguments above, we have
Theorem 3.3 Let M be a left $D$ -module with a good (0,$1)$ -filtration $\{F_{k}(M)\}_{k\in}\mathrm{z}$ . Then
there exists a(0, $1)$ -filtered free resolution
. . . $arrow$ $\mathcal{L}_{3}\varphiarrow \mathcal{L}_{2}\mathrm{s}\varphiarrow \mathcal{L}_{1}2arrow \mathcal{L}_{0}\varphi_{1}\varphiarrow M\mathrm{o}arrow 0$ (3.2)
with $\mathcal{L}_{i}=D^{r}\dot{\cdot}[\mathrm{n}_{i}]$ being the free module equipped with the $(0, 1)$ -filtration $\{F_{d}^{(0,1)}[\mathrm{n}_{i}](\mathcal{L}_{i}\rangle\}_{d\in \mathrm{Z}}$
with $\mathrm{n}_{i}\in \mathbb{Z}^{r}$: such that
.. . $arrow R_{(0,1)}(\mathcal{L}_{3})arrow R_{(0,1)}(\varphi_{3}^{(h)}\mathcal{L}_{2})arrow R_{(0,1)}(\varphi_{2}^{(h)}\mathcal{L}_{1})arrow R_{(0,1)}(\varphi_{1}^{(h)}\mathcal{L}_{0})arrow R_{(0,1)}(M)\varphi_{0}^{(h)}arrow 0$
is a minimal free resolution of $R_{(0,1)}(M)$ . Moreover, such a free resolution as (3.2) is
unique up to $(0, 1)$ -filtered isornorphisrn. Note that $R_{(0,1)}(\mathcal{L}_{i})$ is isomorphic to the graded
free module $(D^{(h)})^{r_{\mathrm{i}}}[\mathrm{n}_{i}]$ ,
3.2 Correspondence between biflltered $\mathrm{P}$-modules and (u,$v)$-filtered
graded $\mathrm{Z})^{(h)}$-modules
I $\mathrm{n}$ order to define the bifiltration, we $\mathrm{w}\mathrm{i}\mathrm{U}$ assume here that $(u, v)4$ $(0,1)$ . $\mathrm{A}((0,1),$ $(u, v))-$
bifiltration of a $D$ module $M$ is a double sequence $\{F_{d,k}(M)\}_{d,k\in \mathrm{Z}}$ of $\mathbb{C}\{x\}$-submodules of
$M$ such that
$F_{d,k}(M)\subset F_{d+1,k}(M)\cap F_{d,k+1}(M)$ ,
$d,k\in \mathrm{Z}\cup F_{d,k}(M)=M,$
$(F_{d}^{(0,1)},(D)\cap F_{k}^{(u,v)}$, $(D))F_{d,k}(M)\subset F_{d+d’,k+k’}(M)$ for any $d$ , $d’$ , $k$ , $k’\in \mathbb{Z}$ .
Definition 3.4 Let $M$ be a left $D$-module. Then a bifiltration $\{F_{d,k}(M)\}$ is called a good
$((0, 1)$ , $(u,v))$ -bifiltratiort if there exist $f_{1}$ , $\ldots$ , $f_{l}\in M$ and $n_{i},m_{i}\in \mathbb{Z}$ such that
$F_{d,k}(M)=(F_{d-n_{1}}^{(0,1)}(D) \cap F_{k-m_{1}}^{(u,v)}(D))f_{1}+\cdots+(F_{d-n\iota}^{(0,1)}(D)\cap F_{k-m_{\mathrm{I}}}^{(u,v)}(D))fi$
holds for any $d$ , $k\in$ Z.
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Forgetting the $(u, v)$-filtration gives (functorially) a $(0, 1)$-filtration on $M$ , by setting
$F_{d}^{(0,1)}(M)= \bigcup_{k\in \mathrm{Z}}F_{d,k}(M)$ , and this functor sends good bifiltered modules to good filtered
modules.
Now let $M’$ be a $h$-saturated graded left $\mathrm{Z})^{(h)}$-module with a good $(u, v)$-filtration
$F_{k}^{(u}$ ’
$v$ )
$(M’)$ . We can find $f_{j}’\in M’$ homogeneous of degree $n_{j}$ , and integers $m_{\mathcal{J}}$ so that
$F_{k}^{(u,v)}(M’)=F_{k-m_{1}}^{(u,v)}(D^{(h)})f_{1}’+\cdot$ . . $+F_{k-m_{r}}^{(u,v)}(D^{(h)})f_{r}’$
holds for any $k\in$ Z. Then $\rho(M’)$ has a good bifiltration defined by
$F\mathrm{a}_{k},\mathrm{C}/’(M’))$ $:=1$ (& $F_{k}^{(u,v)}(M_{d}’)= \sum_{j=1}^{r}(F_{d-n_{j}}^{(0,1)}(D)\cap F_{k-m_{j}}^{(u,v)}(D))(1 \ f_{j}’)$ .
We remark that this is not in general the intersection of the $d$-th term of the $(0, 1)-$
filtration on $\rho(M’)$ , which we denoted by $1\otimes M_{d}’$ , and the $k$-th term of the $(u, v)$-filtration
$F_{k}^{(u,v)}(\rho(M’)):=1\otimes F_{k}^{(u,v)}(M’):=\{1 (\ f\in \mathrm{I}) \otimes_{D^{(h)}}M’|f\in Fbu,v)(M’)\}$.
Conversely, if $M$ is a left $D$-module with a good bifiltration $\{F_{d,k}(M)\}$ , then its Rees
module $R_{(0,1)}(M)$ with respect to its $(0, 1)$ -filtration has a good $(u,v)$-filtration
$F_{k}^{(u,v)}(R_{(0,1)}(M)):= \oplus F_{d,k}(M)T^{d}d\in \mathrm{Z}=\sum_{j=1}^{r}F_{k-m_{j}}^{(u,v)}(D^{(h)})(f_{j}T^{n_{j}})$ ,
where $f_{j}$ , $m_{j}$ , $n_{j}$ are as in Definition 3.4.
$k\in \mathbb{Z}$ .
$F_{d,k}( \rho(M’)):=1\otimes F_{k}^{(u,v)}(M_{d}’)=\sum_{j=1}(F_{d-n_{j}}^{(0,1)}(D)\cap F_{k-m_{j}}^{(u,v)}(D))(1\otimes f_{j}’)$
(M’)):=1\otimes F_{k}^{(u,v)}(M’):=\{1\otimes f\in D \otimes_{D^{(h)}}M’|f\in F_{k}^{(u,v)}(M’)\}$
lef
$F_{k}^{(u,v)}(R_{(0,1)}(M)):= \oplus F_{d,k}(M)T^{d}d\in \mathrm{Z}=\sum_{j=1}F_{k-m_{j}}^{(u,v)}(D^{(h)})(f_{j}T^{n_{j}})$
Proposition 3.5 The functors $\rho$ and $\mathrm{R}(0,\mathrm{i})$ give an equivalence between the category of
$h$ -saturated graded $D^{(h)}$ -rnodules with good $(u,v)$ -filtrations and the category of $D$-module$s$
with good $((0, 1)$ , $(u, v))$ -bifiltrations. Furthermore these functors are exact in the sense
of filtered and bifiltered categories respectively.
In conclusion we obtain
Theorem 3.6 Let $M$ be a left $D$ -module with a good $((0, 1)$ , $(u, v))$ bifiltration $\{F_{d,k}(M)\}$ .
Then there eodsts a bifiltered free resolution
. . . $arrow \mathcal{L}_{3}arrow \mathcal{L}_{2}\varphi_{3}\varphi_{2}arrow \mathcal{L}_{1}\varphiarrow \mathcal{L}_{0}\mathrm{r}\varphiarrow M0arrow 0$ (3.3)
with $\mathcal{L}_{i}=$ $D^{r}$: $[\mathrm{n}_{i}][\mathrm{m}_{t}]$ being the free module equipped with the bifiltration $\{F_{k}^{(0,1)}[4](\mathcal{L}_{i})\cap$
$F_{k}^{(u_{\mathrm{I}}v)}[\mathrm{m}_{i}]$ $(\mathcal{L}_{i})\}$ with $\mathrm{n}_{i}$ , $\mathrm{m}_{i}\in \mathbb{Z}^{r}$: such that
.. . $arrow R_{(0,1)}(\mathcal{L}_{3})arrow R_{(0,1)}(\mathcal{L}_{2})\varphi_{3}^{(h)}\varphi_{2}^{(h)}arrow R_{(0,1)}(\mathcal{L}_{1})arrow R_{(0,1)}(\varphi_{1}^{(h)}\mathcal{L}_{0})arrow R_{(0,1)}(\varphi_{0}^{(h)}M)arrow 0$
is a minimal $(u, v)$ -filtered free resolution of the $(u, v)$ -filtered module $R_{(0,1)}(M)$ . More-
over, such a free resolution as (3.3) is unique up to bifiltered isomorphism. Note that
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